Abstract. The aim of this paper is to presented and study the concept of local version of the relationship between the graphs and the closure of the graphs for pairs of functions. Some characterisations of certain generalized forms of continuity are also obtained.
(Y,r*), by Cl(Gr(f))
we will denote the closure of the graph Gr(t) of / in the product topology of X x Y.
We have the following easy observation concerning
Cl(Gr(f)).
For every pair (h, /) of functions from (X, r) to (X, r*) and x G X, the following conditions are equivalent: Hence the following definition of the local version of the relation Gr(h) C Cl(Gr(f)) seems to be reasonable. We denote by Cl(h,f) the set of all points x G X such that Gr(h) C
Instead of working with inverse images h~l{W) of open subsets W C Y, we shall confine ourselves to Int(h~1(W)) or Int(Cl(h~1(W)))
in the following and thus end up with another type of the local interrelationship between h and /.
Given a pair (h, f) of functions from (X,T) to (Y, r*), we denote by psC(h, f) and sC(h, f) the sets defined by the formulae:
psC ( open W C Y with x € Intih-^W))}}.
Obviously we have
LEMMA 1. C(h,f) c sC(h,f) andpsC(h,f) c sC(h,f).
A function / : (X,r) -> (Y, r*) is called «-continuous [6] (resp. precontinuous [4] , semi-continuous [3] , /^-continuous [1] 
sC(f) and (3C(f) will be used to denote the sets of all points at which / is a-continuous, pre-continuous, semi-continuous or /^-continuous, respectively. (H,F) of functions from (X,T) to (Y, r*), the following statements hold:
PROPOSITION 1. For every pair
(i) The sets sC(h,f) and psC(h, f) are closed.
f). (iv) If psC(h, f) = X, then 0C(h) C C(h, /). (v) If h is semi-continuous, then sC(h,f) = C(h,f). (vi) If h is pre-continuous, then psC(h, f) c C(h,f).
Proof, (i) We show that the set
is an open neighbourhood of x such that U C X\psC(h, /). This proves that X\psC(h, /) is open. By a similar argument, we can show that the set
and let U be an open neighbourhood of x. Then U n Int(Cl(h-\W))) n h~\W) + 0. Let us take w G U n Int{Cl{h~l(W))) n h^iW). By the assumption w G C(h,f) and conse-
This implies that U n f~\W) ± 0 and thus x G Cl(f~1 (W) 
This gives x G C(h,f) and completes the proof.
for all p G U nlntlcilh'^W))) and hence U fl f~1(W)) ^ 0, which completes the proof, (v) and (vi) are immediate.
• 
( [10] (resp. graph quasi-continuous [5] ) if there exists a continuous (resp. semi-
ii) If the set C(h,f) is dense, then sC(h) C C(h,f). A function h : (X,T) -> (Y,T*) is said to be graph continuous
continuous) function h : {X,T) -> (Y,T*) such that G(h) C Cl(G(f)).
COROLLARY 2. If a function h : (X, r) -> (Y, R*) is semi-continuous and the set C(h,f) is dense for some f : (X,T) -> (Y,T*) then f is graph quasi-continuous.
Proof. It trivially follows from the statement (ii) of Corollary 1.
•
f) of functions from (X,T) to (Y, T*) from the above corollary we have: COROLLARY 3. (i) [5, Theorem 3], If a function h : (X, r) -> (Y,tr*) is semi-continuous and the set E(h,f) is dense for f : (X,T) -> (Y,T*), then f is graph quasi-continuous and Gr(h) C Cl(Gr(f)).
(ii) [8, Theorem 3] .
If a function h : (X,T) ->• (Y,T*) is continuous and the set E(h, f) is dense for f : (X, r) -> (Y, r*), then f is graph continuous and Gr{h) C Cl(Gr(f)).

PROPOSITION 2. Let h and f be two functions from a topological space (X, r) to a Hausdorff topological space (Y,T*). Then the following hold: (i) If sC(h, f) = X, then [aC(h) n sC(h)]U [sC(h) n aC{f)] C E(h,f). (ii) IfpsC(hJ) = X, then \pC(h)nsC(f)]U[pC(h)UaC(f)} C E(h,f).
Proof, (i) We first assume that x € aC(h) CipC(f) and, by contradiction,
By a-continuity of h and semi-continuity of f at x we have x G Int(Cl (Int(h~1(W))) ) and x G Cl{Int{f~l{V))).
Hence Int{h~l{W)) n Int(f~l\v)) ± 0 and since sC(hJ) = X, wehave/ni(/i-1 (W A ))n/ni(/-1 (K))nCZ(/-1 (^)) 7^0-This is contradiction of the fact that W fl V = 0.
We now assume that x G sC(h) H aC(f ) and suppose that h(x) f(x). By arguments similar to those above and by semi-continuity of h and acontinuity of / at x we have
It is easy to see that Int(h~1(W))
fl Int(f~1(V)) / 0 which, as the above proof yields the same contradiction and completes the proof.
n ^/(/-^VK)) ^ 0 which yields the contradiction of the fact that W fl V = 0 and completes our proof.
•
The above Proposition and the statement (ii) of Proposition 1 imply:
COROLLARY 4. Let (h, /) be a pair of functions from a topological space (X,T) to a Hausdorff topological space ([Y,T*) satisfying Gr(h) c Cl(Gr(f)). Then the following hold: (i) If h is pre-continuous, then sC(f) C E(h,f). (ii) If h is (3-continuous, then sC(f) n \pC(h) U aC(f)] C E(h, f). (Hi) If f is a-continuous, then PC(h) C E(h,f). (w) If f is semi-continuous, then (3C(h) fl \pC(h) U aC(f)] C E(h,f).
The statement (i) of the previous corollary constitutes a substantial improvement of the following a fundamental result from [8] . The following corollary follows immediately from Corollary 4. (X,T) 
to a Hausdorff topological space (Y,T*) such thatGr(h) C Cl{Gr( f)). If one of the following conditions is satisfied: (a) h is pre-continuous and f is s-continuous; (b) h is P-continuous and f is a-continuous; then h = /.
For a given pair (h, f) of a functions from a topological space (X, T) to a metric space (V, d) and e > 0 by Ahj, t we will denote the set of all x in
We shall consider the following subsets of
We have the following easy result which will be useful later.
LEMMA 2. (i) A(h, f) = X if and only if for any e > 0, the set X -Ahj, e i.e {x € X : d(h(x), f(x)) > e} is nowhere dense; (ii) pA(h, f) = Xif and only if for any e > 0, the set is dense; (Hi) E(h,f) = f]{A
hjl :n= 1,2,... [9] (resp. pre-cliquish [7] at the point x € X if for each e > 0 and any neighbourhood U of x there is an open nonempty set G C U such that d{f{x'),f(x")) < e for all x',x" e G{resp.G C Cl(f~l{B{y,e)) ) for some open ball B(y,e)) C F); cliquish (resp. p-cliquish) if it has this property at each point x € X.
We need the following characterization of the cliquishness ([7, Proposition 2.
(i)]): A function / : (X, r) -> (Y, d) is cliquish at x e X if and only if for each e > 0 and any neighbourhood U of x there is an open nonempty set G C U such that G C f~1(B(y,e))
for some open ball (B(y, e)) C Y. The symbols A(f) and pA(f) will be used to denote the sets of all points at which f is cliquish or pre-cliquish, respectively. f~1(B(y,   §) ))) ^ 0, which proves that x G pA(f).
THEOREM 1. For each pair (h,F) of functions from (X,T) to (Y,d), the following hold: (i) If sC(h, f) = X, then A{h) C pA(f) n pA(h, f). (ii) IfpsC(h,f) = X, then pA(h) C pA(f).
Proof, (i) Assume h is cliquish at x. Let e > 0 and let U C X be an open neighbourhood of x. Then there exists an open ball B(y, |) C Y such that G = U n Int(h~1(B(y, |))) is nonempty. Since G C sC(h,f) and
G C Int{h- l {B{y, §))),we have G C Cl(f~l(B(y, §))). Consequently, U n Int(Cl(
Now we want to prove that x € pA(h,f); it is sufficient to show that G C Cl(Ahj£).
Let z € G and let U* be an open neighbourhood of z. Then GnU*'cGc Int(h~l{B{y, §))) and hence by G C Cl{f~l{B(y, §))) we have G fl U* C Cl (f~1(B(y,  |) 
/ 0, consequently proves that x € pA(f) and completes the proof.
Given a topological space (X, r) and a metric space (Y, d), we denote by F(X,Y) the set of all functions from (X,r) to (Y,d). Let us fix a set ^ C F(X,Y), we define c('i') C F(X,Y) as a set of functions / : (X,T) -> (Y, d) which satisfy Gr(h) C Cl(Gr(f))
for some h e tf. 
COROLLARY 8. Each graph quasi-continuous function f : (X, R) -> (Y, d) is pre-cliquish.
The next result is an improvement of Theorem 1 ((a) => (b)) proved in [5] for the case when h is semi-continuous and C(/i, /) = X.
COROLLARY 9. If h : (X,T) -> (Y, d) is cliquish and C(h,f) is dense for some f : (X,t) -> (Y, d), then for any £ > 0, the set A^j^ is dense.
Proof. Follows from the statement (i) of Theorem 1, Lemma 2 (ii), Lemma 1 and Proposition 1 (i).
THEOREM 2. Let (h, /) be a pair of functions from (X, R) to (Y, d) such that A(h, f) = X. Then the following hold: (i) A(h) = A(f); (U)pA(h)=pA(f); (Hi) (3C(h) cC(h,f).
Proof, (i) Assume that x G A(h)
.
(f). This proves that A(h) C A(f). With the observation that A(h,f) = A(f,h), we may conclude that A(f) c A(h). In the consequence we obtain A(h) = A(f).
( C W and using the /3-continuity of h at x* we get x* G Cl{Int{Cl{h~l{B{h(x*), §))))). Thus we have
) < e which gives p* G U n and proves that x* G Cl(f~l{W)).
In the consequence we obtain x* G C(h,f) which ends the proof.
• < e and proves that G* C Cl (f~1(B(y,e) ). Then we get U n Int (Cl(f~1(B(y,  e) ))) ± 0 which proves that x G pA(f) and the proof of the first inclusion is complete. The proof of the second one is entirely analogous because pA(h, f) = pA(f, h).
( 
that d(h(p)J(p)) < | for some p G G. Thus we have d(h(x*), f(p)) < d(h(x*), h(p)) + d(h(p), f(p)) < e. In the consequence p G U D f~1{W) which proves that x* G Cl(f~1(W))
and thus x* G C(h, /).
• (X, T) 
to (Y, d). If h is semi-continuous and for any e > 0 the set {IEI: d(h(x), f(x)) > e} is nowhere dense, then f is cliquish and Gr(h) C Cl(Gr(f))).
Using the statement (ii) of Theorem 3 we have the following:
